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Extending the work of Burger et al., here we show that every
quasi-periodic simple continued fraction α can be transformed
into a quasi-periodic non-simple continued fraction having period
length one. Moreover, a certain kind of quasi-periodic non-simple
continued fraction is equivalent to a quasi-periodic N-continued
fraction. The results of this paper follow from arguments of Burger
et al. but we apply our version to offer new continued fractions for
certain classes of real numbers.
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1. Introduction
α = [a0;a1,a2, . . .] = a0 + 1
a1 + 1
a2 + 1
. . .
denotes the simple continued fraction expansion of a real α, where
α = a0 + 1/α1, a0 = α,
αn = an + 1/αn+1, an = αn (n 1).
The nth convergent of the continued fraction expansion is denoted by pn/qn = [a0;a1, . . . ,an], and pn
and qn satisfy the recurrence relation:
✩ This research was supported in part by the Grant-in-Aid for Scientiﬁc Research (C) (No. 18540006), the Japan Society for
the Promotion of Science.
E-mail address: komatsu@cc.hirosaki-u.ac.jp.0022-314X/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2008.08.004
T. Komatsu / Journal of Number Theory 129 (2009) 358–366 359pn = anpn−1 + pn−2 (n 0), p−1 = 1, p−2 = 0,
qn = anqn−1 + qn−2 (n 0), q−1 = 0, q−2 = 1
(see [1, p. 24]). According to [2], we deﬁne the N-continued fraction by
N [a0;a1,a2, . . .] = a0 + N
a1 + N
a2 + N
. . .
(in [2] the notation [a0;a1,a2, . . .]N is used, but we do not adopt this because of the writing in quasi-
periodic continued fractions). The N-continued fractions are one of the special cases of non-simple
(general) continued fractions
a0 + b1
a1 + b2
a2 + b3
a3 + . . .
= a0 + b1
a1 +
b2
a2 +
b3
a3 +· · · ,
where its nth convergent pn/qn satisﬁes the relation:
pn = anpn−1 + bnpn−2 (n 1), p0 = a1a0 + b1, p−1 = 1,
qn = anqn−1 + bnqn−2 (n 1), q0 = a1, q−1 = 0.
In [2] Burger et al. prove that every real quadratic irrational α can be expressed as a periodic
non-simple continued fraction having period length one. In this paper we extend their results by
considering a real number that yields a quasi-periodic continued fraction and prove that it can be
expressed as a quasi-periodic non-simple continued fraction having period length one.
2. Quasi-periodic continued fractions
Simple quasi-periodic continued fractions have the form
[
a0;a1, . . . ,aM , T1(k), . . . , Tr(k)
]∞
k=1,
where each Tν(k) (ν = 1,2, . . . , r) takes a positive integer for k = 1,2, . . . . Non-simple quasi-periodic
continued fractions can be written as
[
a0 + b1
a1 +
b2
a2 +· · · +
bM
aM +
U1(k)
T1(k) +
U2(k)
T2(k) +· · ·+
Ur(k)
Tr(k)
]∞
k=1
= a0 + b1
a1 +
b2
a2 +· · · +
bM
aM +
U1(1)
T1(1) +
U2(1)
T2(1) +· · ·+
Ur(1)
Tr(1)
+
U1(2)
T1(2) +
U2(2)
T2(2) +· · ·+
Ur(2)
Tr(2) +
U1(3)
T1(3) +· · · .
Then quasi-periodic N-continued fractions are written as
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[
a0;a1, . . . ,aM , T1(k), . . . , Tr(k)
]∞
k=1
= a0 + N
a1 +
N
a2 +· · · +
N
aM +
N
T1(1) +
N
T2(1) +· · ·+
N
Tr(1)
+
N
T1(2) +
N
T2(2) +· · ·+
N
Tr(2) +
N
T1(3) +· · · .
Lemma 1. (See [10, Lemma 2].) Let pn/qn be the nth convergent of the continued fraction expansion of
α = [a0; T1(k), . . . , Tr(k) ]∞k=1 , where each Tν(k) (ν = 1,2, . . . , r) takes a positive integer for k = 1,2, . . . .
Let R j(n) ( j = 1,2,3,4; n 2) be integers deﬁned by
(
R1(n) R2(n)
R3(n) R4(n)
)
=
(
T1(n − 1) 1
1 0
)(
T2(n − 1) 1
1 0
)
· · ·
(
Tr(n − 1) 1
1 0
)
.
Then the recurrence relation
R3(n)xn =
(
R3(n)R1(n + 1) + R4(n)R3(n + 1)
)
xn−1 + (−1)r−1R3(n + 1)xn−2 (1)
holds in the case when xn = prn or xn = qrn (n 2).
Proof. This is one of the special cases given in [11, Theorem 2], which is a generalization of [9, Theo-
rem 2]. 
We write the reduced form of (1) as
Bnxn = Anxn−1 + (−1)r−1Bn+1xn−2,
which is satisﬁed by xn = prn and xn = qrn . Namely, put Bn = R3(n)/d and An = (R3(n)R1(n + 1) +
R4(n)R3(n + 1))/d, where d = gcd(R3(n), R3(n)R1(n + 1) + R4(n)R3(n + 1), R3(n + 1)).
If each Tν(k) (ν = 1,2, . . . , r) is a constant, say T1(k) = a1, . . . , Tr(k) = ak , this lemma is reduced
to [2, Proposition 4]. Notice that R3(n) = R3(n + 1) for all n  2, and for α = [a0,a1, . . . ,ar−1 ] =
[a0;a1, . . . ,ar−1,a0 ]. Thus, we have Bn = Bn+1 = 1 and
An = R1(n + 1) + R4(n) = qr + (pr−1 − a0qr−1) = pr−1 + qr−2.
Lemma 2. Let pn/qn, Bn and An be the same as above. For simplicity, put Pn = prn, Qn = qnr . Then, we have
[
a0; T1(k), . . . , Tr(k)
]∞
k=1 = a0 +
P1 − a0Q 1
Q 1 + (−1)
r+1B3
A2 + (−1)
r+1B2B4
A3 + (−1)
r+1B3B5
A4 + . . .
.
In special, we have for n 2
Pn
Qn
= Bn Pn
BnQn
= a0 + P1 − a0Q 1
Q 1 + (−1)
r+1B3
A2 + (−1)
r+1B2B4
A3 + . . .
+
(−1)r+1Bn−1Bn+1
An
.
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Proof. The proof follows from the corresponding argument of [2] where Lemma 1 is applied in place
of [2, Proposition 4]. 
Just as in Burger et al. [2], Theorem 1 follows immediately from Lemma 2 with the same notations
after replacing a0 by aM .
Theorem 1. Let P˜1/Q˜ 1 = [aM; T1(1), . . . , Tr(1)]. Then
α = [a0;a1, . . . ,aM , T1(k), . . . , Tr(k) ]∞k=1
=
[
a0;a1, . . . ,aM + P˜1 − aM Q˜ 1
Q˜ 1 +
(−1)r+1B3
A2 +
(−1)r+1Bk+1Bk+3
Ak+2
]∞
k=1
= a0 + 1
a1 +· · ·+
1
aM +
P˜1 − aM Q˜ 1
Q˜ 1 +
(−1)r+1B3
A2 +
(−1)r+1B2B4
A3 +
(−1)r+1B3B5
A4 +· · · .
In general, such a continued fraction is not always equivalent to a quasi-periodic N-continued
fraction with period one. If M is even, and T2(k) = c2, . . . , Tr(k) = cr are all constants, then we can
obtain the quasi-periodic N-continued fraction with period one. If T1(k) is a constant, then this result
is identical to Theorem 5 in [2].
Theorem 2. Given the simple quasi-periodic continued fraction expansion
α = [a0;a1, . . . ,aM , T1(k), c2, . . . , cr ]∞k=1
with even M, then
α =
[
a0;a1, . . . ,aM−1,aM + N0
Q˜ 1 +
(−1)r+1
Ak+1
]∞
k=1
= N
[
a0;Na1,a2, . . . ,NaM−1,aM , (−1)r+1N0 Q˜ 1, (−1)r+1N0Ak+1
]∞
k=1,
where An = R1(n + 1) + R4(n), N0 = P˜1 − aM Q˜ 1 and N = (−1)r+1N20 .
Proof. This proof also follows from the corresponding argument of [2] where Lemma 1 is applied in
place of [2, Proposition 4]. 
3. Applications to e1/s
We shall mention several applications of Theorems 1 and 2.
Let pn/qn be the nth convergent of e1/s = [1; (2k − 1)s − 1,1,1 ]∞k=1 (s 2). It is known that
e1/s = 1+ 2
2s − 1 +
1
6s +
1
10s +
1
14s +· · · (2)
[8, Theorem 1(v)]. In fact, this is a direct result from Theorem 1. From Lemma 1 we get R3(n) = 2
and R3(n)R1(n + 1) + R4(n)R3(n + 1) = 4s(2n − 1). Hence, Bn = 1 and An = 2s(2n − 1). Therefore, for
n 2, Pn = p3n and Qn = q3n satisfy the recurrence relations
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Qn = AnQn−1 + Qn−2
[8, Theorem 1(i)]. In addition,
P1
Q 1
= [1; s − 1,1,1] = 2s + 1
2s − 1 .
Hence, by Theorem 1 we obtain for n 2
Pn
Qn
= p3n
q3n
= 1+ 2
2s − 1 +
1
6s +
1
10s +· · ·+
1
2(2n − 1)s .
If we express this continued fraction expansion as
[
1; s − 1,1,1, (2k + 1)s − 1 ]∞k=1
or
[
1; s − 1,1,1, (2k + 1)s − 1,1 ]∞k=1,
we can obtain more new continued fractions for e1/s .
Corollary 1.
e1/s = 1+ 1
s − 1 +
3s
6s − 1 +
5
30s + 2 +
21
70s + 2 +· · ·+
(2n − 3)(2n + 1)
2
(
(2n − 1)(2n + 1)s + 1) +· · ·
= 1+ 1
s −
3s
6s + 1 +
5
30s − 2 +
21
70s − 2 +· · ·+
(2n − 3)(2n + 1)
2
(
(2n − 1)(2n + 1)s − 1) +· · · . (3)
Proof. If
e1/s = [1; s − 1,1,1, (2k + 1)s − 1 ]∞k=1,
then by Lemma 1 we get Bn = 2n − 1 and An = 2(2n − 1)(2n + 1)s + 2 after dividing by s in the
relation (1). In addition,
P˜1
Q˜ 1
= [s − 1;1,1,3s − 1] = 6s
2 − 4s + 1
6s − 1 .
Therefore, for n 2 we have
p3n+1
q3n+1
= 1+ 1
s − 1 +
3s
6s − 1 +
5
30s + 2 +
21
70s + 2 +· · ·+
(2n − 3)(2n + 1)
2
(
(2n − 1)(2n + 1)s + 1) .
If
e1/s = [1; s − 1,1,1, (2k + 1)s − 1,1 ]∞ ,k=1
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relation (1). In addition,
P˜1
Q˜ 1
= [1;1,3s − 1,1] = 6s + 1
3s + 1 .
Therefore, for n 2 we have
p3n+2
q3n+2
= 1+ 1
s − 1 +
1
1 +
3s
3s + 1 +
5
30s − 2 +
21
70s − 2 +· · ·+
(2n − 3)(2n + 1)
2((2n − 1)(2n + 1)s − 1)
= 1+ 1
s −
3s
6s + 1 +
5
30s − 2 +
21
70s − 2 +· · ·+
(2n − 3)(2n + 1)
2((2n − 1)(2n + 1)s − 1) . 
On the other hand, as an application of Theorem 2, we have a quasi-periodic 4-continued fraction
expansion of e1/s (s 1).
Corollary 2. For s 1 we have
e1/s = 4
[
1;4s − 2,4(2k + 1)s ]∞k=1. (4)
Proof. Since
P1
Q 1
= [1; s − 1,1,1] = 2s + 1
2s − 1 ,
we have N0 = 2, so N = 4. 
Various continued fraction expansions of e is known except e = [2;1,2k,1 ]∞k=1.
e = 1
1 −
1
1 +
1
2 −
1
3 +
1
2 −
1
5 +
1
2 −
1
7 +· · ·
[4, p. 25],
e = 1+ 2
1 +
1
6 +
1
10 +
1
14 +
1
18 +· · · (5)
and
e = 1
1 −
2
3 +
1
6 +
1
10 +
1
14 +
1
18 +· · ·
[6, p. 114],
e = 2+ 2
2 +
3
3 +
4
4 +
5
5 +· · ·
[12, p. 253] and
e = 3
1 +
2
19 +
3
10 +
1
14 +
1
18 +· · ·
[3, Corollary 1.2].
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s = 1 in (3) and (4), then we obtain
e = 1+ 1
1 −
3
7 +
5
28 +
21
68
+· · ·+ (2n − 3)(2n + 1)
4(2n2 − 1) +· · ·
and
e = 1+ 4
2 +
4
12 +
4
20 +
4
28 +· · ·+
4
4(2n + 1) +· · · ,
respectively.
4. An application to (e+ 1)/3
It is known that
e + 1
3
= [1;4,5,4k − 3,1,1,36k − 16,1,1,4k − 2,1,1,36k − 4,1,1,4k − 1,1,5,4k,1 ]∞k=1
[5, p. 294, (19)]. This form cannot be included in Theorem 2, but by applying Theorem 1 we obtain
a quasi-periodic non-simple continued fraction with period length one. Using a similar application of
Theorem 2, we also have
Corollary 3.
e + 1
3
= 1+ 1
4 +
1
5 +
26193420
39600727 −
B3
A2 −
B2B4
A3 −· · ·−
Bn−1Bn+1
An −· · · ,
where
An = 9130086859014144n11 − 58584724012007424n10 + 157081876341719040n9
− 226627459838115840n8 + 187009262835204096n7 − 83865143523409920n6
+ 14102589734387712n5 + 3223339788533760n4 − 1634637841413120n3
+ 154943287720704n2 + 10716814641312n − 1211890544424
and
Bn = 47775744n5 − 258785280n4 + 554397696n3 − 586939392n2 + 306966960n − 63423828.
5. Applications to some values of the functions tanh and tan
It is known that
tanh
v
u
= v
u +
v2
3u +
v2
5u +
v2
7u +
v2
9u +· · · ,
tan
v
u
= v
u −
v2
3u −
v2
5u −
v2
7u −
v2
9u −· · ·
and
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v tanh
√
v
u
= v
u +
v
3u +
v
5u +
v
7u +
v
9u +· · · ,
√
v tan
√
v
u
= v
u −
v
3u −
v
5u −
v
7u −
v
9u −· · ·
[12, p. 254]. They may yield quasi-periodic v2- or v-continued fractions, but generally speaking, they
are not equivalent to simple continued fractions. Consider the simple continued fraction expansions:
√
v
u
tanh
1√
uv
= [0; (4k − 3)u, (4k − 1)v ]∞k=1,
√
v
u
tan
1√
uv
= [0;u − 1,1, (4k − 1)v − 2,1, (4k + 1)u − 2,1 ]∞k=1.
If u = v , the ﬁrst case is already with period length one and the second case may be considered as
a so-called negative continued fraction with period length one. Even if u = v , both cases are equiva-
lent to quasi-periodic non-simple continued fractions with period length one.
Corollary 4.
√
v
u
tanh
1√
uv
=
[
3v
3uv + 1 −
7v
105uv2 + 10v
−
(4k − 9)(4k − 1)v2
(4k − 5)(4k − 3)(4k − 1)uv2 + (8k − 6)v
]∞
k=3
,
√
v
u
tan
1√
uv
=
[
0;u − 1,1+ 5u
15uv − 5u − 1 −
9u
315u2v − 14v
−
(4k − 7)(4k + 1)u2
(4k − 3)(4k − 1)(4k + 1)u2v − (8k − 2)u
]∞
k=3
.
Proof. Since
(
R1(n) R2(n)
R3(n) R4(n)
)
=
(
(4n − 7)u 1
1 0
)(
(4n − 5)v 1
1 0
)
,
Bn = R3(n) = (4n − 5)v and
An = R3(n)R1(n + 1) + R4(n)R3(n + 1)
= (4n − 5)(4n − 3)(4n − 1)uv2 + (8n − 6)v.
In addition,
P1
Q 1
= p2
q2
= [0;u,3v] = 3v
3uv + 1 .
By applying Theorem 1 we obtain
√
v
u
tanh
1√
uv
= 3v
3uv + 1 −
B3
A2 −
B2B4
A3 −
B3B5
A4 −· · · .
In a similar manner we obtain the result for tan. 
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